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It was shown in Bíró et al. (2001) [7] that every cyclic subgroup C of the circle group
T admits a characterizing sequence (un) of integers in the sense that unx → 0 for some
x ∈ T iff x ∈ C . More generally, for a subgroup H of a topological (abelian) group G one can
deﬁne:
(a) g(H) to be the set of all elements x of G such that unx → 0 in G for all sequences
(un) of integers such that unh → 0 in G for all h ∈ H;
(b) H to be g-closed if H = g(H).
We show then that an inﬁnite compact abelian group G has all its cyclic subgroups g-
closed iff G ∼= T.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
It is a well-known fact that extraction of roots is not unique when the group is not torsion-free. (Actually, this may fail
even in the case of torsion-free non-abelian groups. The groups having unique roots (i.e., xn = yn ⇒ x = y for all x, y ∈ G
and all positive integers n) are known as R-groups.) Nevertheless, there are groups like the circle group T where this non-
uniqueness is reasonably bounded. Namely, the equation xn = a has always at most n solutions. It is not surprising that the
group Q/Z of roots of unity is uniquely described among all torsion groups with this property (see Proposition 4.3). On
the other hand, there is no hope to obtain any description of the non-torsion groups with this property. Our aim here is to
offer a solution to the problem in the case of topological groups by replacing the simple equality xn = a by a limit in an
appropriate sense following the line already adopted in the case of varieties.
Taylor [31] introduced appropriately limit laws in order to describe varieties of topological algebras in parallel with
Birkhoff’s theorem describing varieties of universal algebras by means of identities. Analogously, for every sequence a = (an)
of integers a sequential limit law depending on a was deﬁned by Kopperman, Mislove, Morris, Nickolas, Pestov and Svetlichny
[26,29]: a topological group G is said to satisfy the sequential limit law a if
xan → eG (1)
for all elements x of G . More generally, when G does not satisfy the limit law a one can still consider the subset ta(G) of all
elements x ∈ G that satisfy (1). When G is abelian, then ta(G) is a subgroup of G . For example, the sequence an = pn (with
a prime p) leads to the notion of topologically p-torsion element, while the sequence an = n! – to that of topologically torsion
element [2]. The locally compact groups satisfying these two laws were largely studied in the forties by Braconnier [10] and
Vilenkin [32] (see also [30]).
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It is easy to see that this is a subgroup of Z = ZN . Let
g(x) := {y ∈ G: S(x) ⊆ S(y)}=
⋂{
tm(G): m ∈ S(x)
}
,
i.e., this is the set of all elements y of G that satisfy all sequential limit laws valid for the element x. If 〈x〉 = 〈y〉, then
obviously S(x) = S(y) (more precisely, 〈y〉  〈x〉 implies S(x) ⊆ S(y)). The question of whether the converse is also true
leads us to introduce the following classes of topological groups:
(a) G1 – all topological groups G such that S(x) = S(y) implies 〈x〉 = 〈y〉, for every pair of elements x, y ∈ G .
(b) G2 – all topological groups G such that S(x) ⊆ S(y) implies 〈y〉  〈x〉 (i.e., y ∈ g(x) implies y ∈ 〈x〉) for every pair of
elements x, y ∈ G .
(c) G3 – all topological groups G such that for every cyclic subgroup 〈x〉 of G there exists m ∈ S(x) such that 〈x〉 = tm(G).
Following [7], we say that the sequence (sequential limit law) m in (c) characterizes the cyclic subgroup 〈x〉. More generally,
we say that m is a characterizing sequence of a subgroup H of G if H = tm(G).
One can consider the above three classes as “separation axioms” for topological groups (see [13]).
Note that one can extend the deﬁnition of S(x) and g(x) to subsets H ⊆ G as follows:
S(H) =
⋂{
S(x): x ∈ H}, g(H) =
⋂{
tm(G): m ∈ S(H)
}
.
We say that H is g-closed (g-dense) if g(H) = H (g(H) = G , resp.). Clearly, if H admits a characterizing sequence m, then
g(H) = tm(H) = H , so H is g-closed in particular. In this case, following [16], we also call H basic g-closed.
It is easy to see that G1 ⊇ G2 ⊇ G3 and G ∈ G2 (G ∈ G3) iff every cyclic subgroup of G is g-closed (resp., basic g-closed).
The fact that all countable subgroups of T are g-closed (in particular, T ∈ G2) was exposed by the ﬁrst named author [11]
at the New York Summer Topology Conference in 2001. The highly non-trivial fact that T ∈ G3 was established by Bíró,
Deshouillers and Sós [7] (see also [20,27,28] for related earlier results). They proved in [7] that actually every countable
subgroup of T has a characterizing sequence (their proof works only for non-torsion countable subgroup of T, one can ﬁll
the gap arguing as in [15] or Remark 4.4 below). For free subgroups of ﬁnite rank of T this was strengthened further in [8],
where the sequential limit law (1) in T was replaced by the stronger property
∞∑
n=1
‖anx‖ < ∞. (2)
Here ‖y‖ denotes the distance from y ∈R to the nearest integer and additive notation is adopted (see also [6,9,16,15] where
this result is extended in an appropriate way to arbitrary metrizable compact abelian groups in place of T). On the other
hand, Beiglböck [4,5] proved that every countable subgroup of T can be characterized in the stronger sense (2). Winkler [33]
showed that arbitrary subgroups of T can be characterized when sequential limit laws are substituted for appropriate ﬁlter
limit laws. More information on this topic can be found in [3,19] and in the surveys [11,12].
Our main result gives a characterization of the locally compact groups in which all cyclic (countable) subgroups are
g-closed:
Theorem. Let G be a locally compact group. Then the following are equivalent:
(a) every countable subgroup of G is g-closed;
(b) every cyclic subgroup of G is g-closed (i.e., G ∈ G2);
(c) G ∈ G1;
(d) G ∼= T or G is a subgroup of the discrete group Q/Z.
This Theorem, along with the main theorem from [7], shows that for a non-discrete locally compact group G all three
properties – G ∈ G1, G ∈ G2 and G ∈ G3 – are equivalent and determine G up to topological isomorphism. At the end
of Section 3 we give an example showing that this property may strongly fail even for countable metrizable precompact
abelian groups.
Analogous characterization can be given to the powers of the p-adic integers (as the torsion-free compact abelian groups
having no proper g-closed subgroups, cf. Example 3.1).
Notation and terminology. We denote by N the sets of positive naturals, by P the sets of prime numbers, by Z the integers,
by R the reals, and by T=R/Z the circle group. The cardinality of the continuum will be denoted by c.
D. Dikranjan, R. Di Santo / Topology and its Applications 158 (2011) 159–166 161Let G be a group. The fact that H is a subgroup of G is abbreviated to H  G . We denote by e the neutral element of
G and by 〈A〉 the subgroup of G generated by a subset A of G . The group G is divisible if for every g ∈ G and n ∈ N the
equation xn = g has a solution in G . Abelian groups will always be written additively. For an Abelian group G and a positive
integer n, the sets G[n] = {x ∈ G: nx = 0} and nG = {nx: x ∈ G} are subgroups of G . We denote by t(G) (tp(G)) the torsion
(p-torsion, resp.) subgroup of G , where p ∈ P. For n ∈ N and p ∈ P, Z(n) denotes the cyclic group of order n and Zp the
group of p-adic integers.
The subgroup of all sequences m ∈Z = ZN with mn = 0 for almost all n will be denoted by Z0.
For unexplained notation and terminology see [21–23].
2. Basic properties
Lemma 2.1.
(a) Let G and H topological groups and f : G → H a continuous homomorphism. Then for x ∈ G and m ∈Z , one has
S(x) ⊆ S( f (x)) and f (tm(G)
)⊆ tm(H). (3)
(b) Let m ∈Z and {Gi}i∈I a family of topological groups. Then tm(∏i∈I Gi) =
∏
i∈I tm(Gi).
Proof. (a) Let x ∈ G and m ∈ S(x). Then limn→∞ f (x)mn = limn→∞ f (xmn ) = e. This proves S(x) ⊆ S( f (x)) and f (tm(G)) ⊆
tm(H).
(b) Let G =∏i∈I Gi and let pi : G → Gi be the canonical projection for every i ∈ I . By (a) pi(tm(G)) ⊆ tm(Gi), thus
tm(G) ⊆∏i∈I tm(Gi). Now if x = (xi) ∈ G such that limn→∞ xmni = e for every i ∈ I , then limn→∞ xmn = e in G , thus tm(G) ⊇∏
i∈I tm(Gi). 
Remark 2.2. The proof of the ﬁrst part of (3) uses only the continuity of the restriction f 〈x〉 . Actually, one can prove that
if the groups G, H are metrizable, then the inclusion S(x) ⊆ S( f (x)) is equivalent to the continuity of the restriction f 〈x〉 .
Indeed, S(x) S(y) precisely when f sends convergent to 0 sequences in 〈x〉 to convergent to 0 sequences in 〈y〉, i.e., f 〈x〉
is continuous.
Lemma 2.3. Let G be an abelian topological group. Then for every subgroup H = 〈xi: i ∈ I〉 of G one has S(H) =⋂i∈I S(xi).
Proof. Obviously, S(H) 
⋂
i∈I S(xi). In order to see that the other inclusion holds as well take m ∈
⋂
i∈I S(xi). Let h ∈ H .
Then h = k1xi1 + · · ·+ knxin , for some i1, . . . in ∈ I and k1, . . . ,kn ∈ Z. Since msxil → 0 for every l = 1, . . . ,n when s → ∞, we
get immediately msh → 0, so m ∈ S(H). 
Lemma 2.4. Let G be an abelian metrizable group with x, y ∈ G. Then the following are equivalent:
(a) S(x) S(y);
(b) y ∈⋂{tm(G): m ∈ S(x)} i.e., y ∈ g(x);
(c) there exist a continuous homomorphism f : 〈x〉 → 〈y〉 with f (x) = y.
Proof. (a) ↔ (b). Clearly, S(x)  S(y) iff m ∈ S(y) holds for every m ∈ S(x), i.e., y ∈ tm(G), for every m ∈ S(x). Thus y ∈⋂{tm(G): m ∈ S(x)}.
(c) → (a). Let f : 〈x〉 → 〈y〉 be a continuous homomorphism with f (x) = y. Then by Lemma 2.1 S(x) S( f (x)) = S(y).
(a) → (c). If x is torsion with k = ord(x), then S(x) S(y) implies that ky = 0. In particular h = ord(y)|k. The homomor-
phism f : 〈x〉 → 〈y〉, deﬁned by f (lx) = ly for every l ∈ Z, is continuous as 〈x〉 and 〈y〉 are ﬁnite.
Assume that x is non-torsion and consider the homomorphism f : 〈x〉 → 〈y〉 deﬁned as above. According to Remark 2.2,
S(x) S(y) implies that f is continuous. 
Lemma 2.5. Let G be an abelian metrizable group and let x ∈ G. Then
g(x) = {y ∈ G, such that ∃ f : 〈x〉 → G continuous homomorphism with f (x) = y}.
Proof. As g(x) = {y ∈ G: S(x) S(y)}, the lemma follows from Lemma 2.4. 
3. Examples
All three classes G1,G2 and G3 are stable under taking subgroups, but not stable under taking ﬁner topologies. Here we
give examples to show that some familiar groups do not belong to any of these classes anticipating in this way a part of
the proof of the Theorem.
162 D. Dikranjan, R. Di Santo / Topology and its Applications 158 (2011) 159–166Example 3.1. (a) Let Bp = 〈xp〉 be a cyclic p-group for every p prime and let BP =∏P Bp , where P is a non-empty set of
prime numbers. Then for every a = (ap) ∈ BP the following are equivalent
(a1) ord(ap) = ord(xp) for every p ∈ P ;
(a2) a ∈ BP is a topological generator of BP ;
(a3) g(a) = BP .
In fact, the equivalence of (a1) and (a2) follows from the fact that every closed subgroup of BP has the form
∏
P Ap , where
Ap is a subgroup of Bp for every p ∈ P . Note next that (a1) holds true iff for every y ∈ BP , the homomorphism f : BP → BP
deﬁned with f (a) = y is continuous, as the composition of f with the projection πp : BP → Bp is continuous for every p.
According to Lemma 2.5 this proves that (a1) ↔ (a3).
If some of these equivalent conditions holds, then BP /∈ G1 whenever P is inﬁnite (as S(a) = S(b) for any pair a,b of
topological generators of BP ).
(b) If G ∈ G1, then G does not contain copies of Z(p)2 for every prime p. Indeed, it suﬃces to see that the group
Z(p)2 /∈ G1 for every prime p. In fact, if a is a non-zero element of Z(p), then the elements x = (a,0) and y = (0,a) of
Z(p)2 have S(x) = S(y), but 〈x〉 = 〈y〉. This proves that every ﬁnite abelian subgroup of any group G ∈ G1 must be cyclic.
We shall see later on that “abelian” can be removed here (see Proposition 4.3).
Example 3.2. Denote by D the class of all topological abelian groups having no proper g-closed subgroups (note that in
every group G the subgroups {0} and G are always g-closed). It is easy to see that G ∈ D ∩G1 iff G ∼= Z(p) for some p ∈ P.
This provides a lot of further examples of groups that do not belong to G1.
(a) Zp ∈ D (hence Zp /∈ G1) for every prime p.
(b) If Aut(G) acts transitively in G \ {0}, then G ∈ D by Lemma 2.5. In particular, the locally compact group Qp of p-adic
numbers belongs to D for every prime p. This provides also a new proof of Z(p)2 /∈ G1 established above. Item (a)
shows that transitivity of Aut(G) in G \ {0} is not a necessary condition for G ∈ D (as Zp ∈ D, while Aut(Zp) has
countably many orbits in Zp \ {0}).
(c) Let G be a compact abelian group. Then G ∈ D iff there exist p ∈ P and a cardinal α such that either G = Zαp (if G
torsion-free) or G = Z(p)α . This characterization can be extended in an appropriate way to the general case of LCA
groups (see [11]).
(d) If G is a topological group without non-trivial convergent sequences then S(x) = Z0 and g(x) = G for every non-
torsion x ∈ G . In particular, every torsion-free abelian group belongs to D when equipped with its maximal precompact
topology.
(e) For every non-zero r ∈R, S(r) =Z0. Consequently, S(H) =Z0 and g(H) =R for every subgroup H = 0 of R. This means
that R ∈ D. In particular, R /∈ G1.
4. Proof of Theorem
We start the proof with the case of a discrete group.
4.1. The discrete case
In the sequel we shall often make use of the obvious fact that if G is an inﬁnite discrete cyclic group, then G does not
belong to G1.
Lemma 4.1. Let G be a group. Then
(1) If G is torsion, then for i = 1,2,3 the group G equipped with some Hausdorff topology belongs to Gi iff G ∈ Gi as a discrete group.
(2) If G ∈ G2 is discrete, then G is torsion.
Proof. (1) If G is torsion, then every element of G has ﬁnite order. This means that for every x ∈ G , |〈x〉| < ∞, hence 〈x〉 is
discrete. So S(x) does not depend on the choice of the Hausdorff group topology of G .
(2) Let G be a discrete group such that G ∈ G2 and x ∈ G . If m = {mn} is a sequence of Z , then limn→∞ xmn = e implies
that either m ∈Z0 or x is torsion (as G is discrete). Since G cannot have inﬁnite cyclic subgroups, G is torsion. 
Lemma 4.2. Let G be an abelian torsion group. Then the following are equivalent:
(a) G belongs to G1;
(b) G ∈ G2;
(c) |C1| = |C2| implies that C1 = C2 for every pair of cyclic subgroups C1 , C2 of G.
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o(x) = n and o(y) =m (4)
one has
S(x) =Z0 + nZ and S(y) =Z0 +mZ,
hence S(x)  S(y) iff m|n. In particular, S(x) = S(y) iff m = n. This means that (a) ↔ (c). Since (b) → (a) trivially, it
remains to prove that (c) → (b). Indeed, assume that G ∈ G1. If S(x) S(y) and (4) holds, then m|n. Now ord(z) = ord(y)
for z = (n/m)x, hence 〈z〉 = 〈y〉 from our assumption G ∈ G1. Consequently y ∈ 〈z〉 〈x〉. 
Proposition 4.3. Let G be a group. Then the following conditions are equivalent:
(a) Every subgroup of the discrete group G is g-closed;
(b) G is torsion and (G, τ ) ∈ G2 , for some Hausdorff group topology τ ;
(c) G is torsion and (G, τ ) ∈ G1 , for some Hausdorff group topology τ ;
(d) G is isomorphic to a subgroup of Q/Z;
(e) G ∈ G3 when equipped with the discrete topology.
Proof. (a) → (b). Let us suppose that every subgroup of the group G is g-closed. This means in particular that G belongs
to G2 and, by Lemma 4.1, G is torsion.
The equivalence (b) ↔ (c) for torsion groups was proved in Lemma 4.2.
(c) → (d). Let G ∈ G1 be torsion. According to Lemma 4.1 we can assume without loss of generality that G is discrete.
Let us see ﬁrst that every cyclic subgroup C of G is normal, hence G is locally ﬁnite. Indeed, G ∈ G1 implies that G can
have only one cyclic subgroup of size |C |, so C must coincide with all its conjugates.
Since G is locally ﬁnite, to see that G is abelian it suﬃces to check that every ﬁnite subgroup of G is abelian. To this end
we show ﬁrst that every ﬁnite p-group in the class G1 is cyclic. Since this is obvious for abelian groups, it suﬃces to prove
that a ﬁnite p-group G ∈ G1 is always abelian. We argue by induction on the order pn = |G|. For n = 1 this is clear. Assume
that n > 1 and all ﬁnite p-groups of order ps in G1 are abelian whenever s n− 1. Assume for a contradiction that G ∈ G1
is non-abelian, with pn = |G|. Let G1 = G/Z(G). Then G1 is a p-group with |G1| < pn as Z(G) is non-trivial (since G is a
ﬁnite p-group). So if we check that G1 ∈ G1, then we could claim G1 is cyclic by our inductive hypothesis and consequently
G is abelian, a contradiction. To prove that G1 ∈ G1 take two cyclic subgroups C1, C2 of G1 of the same size. Since G is
non-abelian, these are proper subgroups of G1. Let f : G → G1 be the quotient homomorphism and let Ni = f −1(Ci) for
i = 1,2. Then |Ni | = |Z(G)| · |Ci |, so |N1| = |N2| < pn . Being a subgroup of G , Ni ∈ G1, so that Ni is cyclic for i = 1,2. Since
G ∈ G1 and |N1| = |N2|, this yields N1 = N2 and consequently C1 = C2. This proves G1 ∈ G1 and our claim.
Now let H be a ﬁnite subgroup of G . By the above argument every Sylow subgroup of H itself is cyclic and normal,
hence, H is cyclic. This proves that G is abelian. For every prime p the p-primary component Gp of G is a union of an
ascending chain of cyclic p-subgroups, hence Gp is isomorphic to a subgroup of Z(p∞). Therefore, G is isomorphic to a
subgroup of Q/Z=⊕p∈PZ(p∞).
(d) → (e). Let H be a subgroup of a subgroup G of Q/Z. We show that H = tm(G) for some sequence m of Z . This is
clear when H is ﬁnite cyclic (if m = |H| just take m with mn =m for every n ∈ N). Hence, we assume from now on that H
is inﬁnite. Since H Q/Z=⊕p∈PZ(p∞), there exists a sequence (kp) such that each kp ∈N∪ {∞} and H =
⊕
p∈F Z(pkp ),
where F ⊆ P is inﬁnite by our assumption on H .
Let us deﬁne m ∈ Z , such that {mnZ}n is the local base at 0 of the linear topology on Z that has as a prebase of
neighborhoods of 0 the family of all subgroups psZ, where s < kp + 1, p ∈ P. An alternative deﬁnition of the sequence (mn)
is the following. Fix an enumeration {p1, p2, . . . , pn, . . .} of all primes and let F ′ = {p ∈ F : kp = ∞}, F ′′ = F \ F ′ . For n ∈ N
let cn =∏{pk: pk ∈ F ′, k  n}. Moreover, for n ∈ N with pn ∈ F ′′ let bn = cnpkpnn , otherwise bn = cn . Now let m1 = b1 and
mn =mn−1bn for n > 1.
Clearly limn→∞mnx = 0 for every x ∈ H , therefore H  tm(G).
Let us suppose now that mnx → 0 for some x ∈ G . Since G is discrete, mnx = 0 for all suﬃciently large n. Let x= (xp) ∈ G ,
xp ∈ Gp . If kp = ∞, then xp ∈ Z(p∞)  H . Let now kp < ∞. If xp = 0, obviously xp ∈ H . If xp = 0, then mnx = 0 for a
suﬃciently large n. Since in this case mn = hnpkp with p  |hn , it follows that pkp xp = 0, thus ord(xp) pkp . This means again
that xp ∈ Z(pkp ) H for every p ∈ P. We have shown that if x ∈ tm(G), then x ∈ H , i.e. H = tm(G) is g-closed.
(e) → (a). Follows immediately from the fact that all the subgroups of the form tm(G) of G are g-closed. 
Remark 4.4. The sequence m characterizing the subgroup H  G Q/Z, obtained in the proof of (d) → (e), has the property
mn|mn+1 for all n ∈N. (5)
According to the proof of Lemma 4.1, H = tm(G) also when Q/Z (and consequently also G) is equipped with the topology
induced by T. Hence this proof shows that every subgroup H of T contained in Q/Z has a characterizing sequence m in
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a case one can “extend” m to a “dense” sequence u containing m as a subsequence and such that H = tu(T). To obtain u
one has to add between mn and mn+1 = bnmn all multiples kmn with k = 2, . . . ,bn − 1. Arguing as in [14] (see also [15])
one can prove that this works as tu(T)Q/Z for such a sequence u. Then the above argument works.
4.2. The general case
The case of a discrete group was considered above. Here we face the proof of the Theorem in the case of arbitrary locally
compact groups.
(d) → (a). Since every subgroup of Q/Z is g-closed by Proposition 4.3, let us consider the case G = T. We have to
show that every countable subgroup H of T is g-closed. This follows immediately from the much stronger property G ∈ G3
established in [7]. Since the proof given there contains a gap (it does not cover the case of countable torsion subgroups, see
Remark 4.4), we give here an independent direct proof of this weaker property.
Let H = {xi: i ∈ I}, where I is a countable set of indexes. By Lemma 2.3, S(H) =⋂i∈I S(xi). Since H  g(H), it suﬃces to
see that H  g(H). Let y ∈ g(H) and z = (xi)i∈I ∈ TI . Then




If z is torsion, then there exist an integer n such that nz = 0, i.e. nxi = 0 for every i ∈ I . This means that H has exponent n.
Since T[n] = {x ∈ T: nx = 0} ∼= Z(n), H is basic g-closed. If z is not torsion, then the homomorphism
f : 〈z〉 → 〈y〉 with f (z) = y
is continuous by (6) and Remark 2.2 as the group TI is metrizable (since I is countable). Hence f can be extended to the
closure 〈z〉 in TI . By a well-known property of T there exists an extension h : TI → T of f . Moreover, since T has no small
subgroups, there exist a ﬁnite set F = {i1, . . . , in} ⊆ I and continuous homomorphism f1 : TF → T such that h = f1 ◦ πF ,
where πF : TI → TF is the canonical projection. Then f1, and consequently also h, must be a linear combination of the
projections πi : TI → T with i ∈ F . This means that, as z ∈ TI ,
h(z) = y = k1xi1 + k2xi2 + · · · + knxin
with k1, . . . ,kn ∈ Z. This implies that y ∈ H , therefore H  g(H) and thus H = g(H).
(a) → (b). Every cyclic subgroup C of G is countable, therefore g-closed.
(b) → (c). This implication is obvious, so we start the proof of the last implication (c) → (d). If G is discrete, it is enough
to apply Proposition 4.3 to conclude that G is isomorphic to a subgroup of the (discrete) group Q/Z. We can assume from
now on that G is not discrete.
In the next claim we show that G cannot be totally disconnected. The proof is given in the abelian case, the general case
is covered by Claim 3.
Claim 1. Let G be a locally compact totally disconnected abelian group in G1 . Then G is discrete, hence isomorphic to a subgroup of
Q/Z.
Proof. Assume ﬁrst that G is compact. Then G must be reduced [18, Corollary 3.3.9]. Fix an arbitrary prime p. Since G is
reduced, G cannot contain a copy of Z(p∞). By Example 3.1 rp(G)  1, hence tp(G) is a cyclic p-group for every prime
p. If rp(G) = 1 for an inﬁnite set P of primes p, then G contains a copy S of the direct sum ⊕p∈P Z(p) equipped with
the topology induced by the product topology of GP (so that the closure of S in G is isomorphic to GP ), since G , as a
reduced compact group, is topologically isomorphic to the product of its topologically p-torsion components [10]. Therefore,
G contains a copy of the group GP , a contradiction according to Example 3.1. Hence rp(G) = 0 for all but ﬁnitely many
primes p. Hence t(G) is a ﬁnite cyclic group. Let m = |t(G)|. Then the closed subgroup mG of G is torsion-free. This means
that the Pontryagin dual X of the compact group mG is divisible and torsion (as mG is totally disconnected). By the structure
theorem of divisible torsion abelian groups, X is a direct sum of copies of the Prüfer group Z(p∞), with p varying in P. So
mG is a direct product of copies of the group Zp with p varying in P. Consequently, either mG = 0 or there exists a prime
p such that mG contains a copy of the group Zp . The latter case would contradict Example 3.1. Therefore mG = 0. Hence
G = t(G) is ﬁnite cyclic.
In the general case take a non-zero element x ∈ G and let L be the closed subgroup of G generated by x. Then L is
either compact or inﬁnite discrete [18, Lemma 2.4.4]. The second case cannot occur as G ∈ G1. In the ﬁrst case the above
argument implies that x is torsion. Hence G is a torsion group. Now Proposition 4.3 applies to conclude that G is isomorphic
to a subgroup of Q/Z. 
Now we prove the implication (c) → (d) for compact abelian groups.
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Proof. By Claim 1 every closed totally disconnected subgroup of G is ﬁnite cyclic. In particular, G contains copies of Zp for
no p ∈ P. Hence G has ﬁnite dimension n [17]. Then there exists a continuous surjective homomorphism f : G → Tn with
totally disconnected kernel N [18,24]. By Claim 1 N is ﬁnite cyclic, say of order m. Let X be the (discrete) Pontryagin dual of
G and let Y = A(N) be the annihilator of N in X . Then Y is isomorphic to the dual Zn of Tn . Since the quotient X/Y must
be isomorphic to (the dual of) the ﬁnite cyclic group N , the group X is ﬁnitely generated of rank n (as Y ). Hence G ∼= F ×Tn ,
where F is a ﬁnite (cyclic) group. Since Tn contains a subgroup isomorphic to Z(p)n , we conclude with Example 3.1 that
n = 1.
Assume for a contradiction that F = 0 and ﬁx a prime p such that F contains an element x of order p. Then the cyclic
subgroup generated by x is isomorphic to Z(p). Since T contains a copy of Z(p) as well, we conclude that the group G
must contain a subgroup isomorphic to Z(p)2. This contradicts Example 3.1 since G ∈ G1. Therefore, F = 0 and G ∼= T. 
The commutativity constraint in Claim 2 can be removed now.
Claim 3. If G ∈ G1 is a non-discrete locally compact group, then the connected component of G contains all non-torsion elements of G.
In particular, every locally compact totally disconnected group in G1 is torsion, hence isomorphic to a subgroup of Q/Z.
Proof. Let x be a non-torsion element of G . Then the closed subgroup L of G generated by x is either compact or discrete.
Since L ∈ G1, the latter case does not occur by Proposition 4.3, so L is necessarily compact. Now we conclude with Claim 2,
that L is isomorphic to T, hence connected. In particular, C is contained in the connected component of G .
To conclude that G is isomorphic to a subgroup of Q/Z apply Proposition 4.3. 
According to the above claim, the totally disconnected locally compact groups G in G1 are discrete (as countable locally
compact groups are discrete). Suppose now that G ∈ G1 is a non-discrete locally compact group, so we can assume that
G is not totally disconnected. Hence the connected component K of G is nontrivial. Then K ∈ G1 as well, so contains no
copies of R by Example 3.2. Therefore, K is compact by Iwasawa’s theorem [25]. Assume that K is not abelian. Then K
must contain a simple compact connected Lie group L [24]. Fix a maximal torus T0 ∼= Td of L, where necessarily d = 1 by
L ∈ G1 and Claim 2. Consider an arbitrary conjugate T x0 of T0. For every ﬁxed n ∈ N the set of n-th roots of unity of T x0
and T0 must coincide as L ∈ G1. Therefore, t(T0) = t(T x0). Since t(T0) is dense in T0 (and obviously the same holds for T x0),
we conclude, by compactness, that T x0 = T0. Since L is covered by conjugates of T0 [1], we conclude that L = T0 is abelian,
a contradiction. Hence K is abelian, so K ∼= T by Claim 2.
To prove that G ∼= T it suﬃces to show that G = K . Take x ∈ G . If x is torsion, then x ∈ K as K = T contains a copy of
every ﬁnite cyclic group and G ∈ G1. If x is non-torsion, then again x ∈ K by Claim 3. Therefore, G = K .
Note added in February 2005
A different proof of the implication (d) → (a) (case G = T) in the proof of the Theorem was given recently also in [6,15].
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